In this paper, we propose a novel method to select significant variables and estimate the corresponding coefficients in multiple-index models with a group structure. All existing approaches for single-index models cannot be extended directly to handle this issue with several indices. This method integrates a popularly used shrinkage penalty such as LASSO with the groupwise minimum average variance estimation. It is capable of simultaneous dimension reduction and variable selection, while incorporating the group structure in predictors. Interestingly, the proposed estimator with the LASSO penalty then behaves like an estimator with an adaptive LASSO penalty. The estimator achieves consistency of variable selection without sacrificing the root-n consistency of basis estimation. Simulation studies and a real-data example illustrate the effectiveness and efficiency of the new method.
Introduction
Suppose that Y ∈ R is a univariate response and X = (X 1 , . . . , X p ) ⊤ ∈ R p is a vector of predictors. A general goal of regression analysis is to characterize the conditional distribution of Y given X, or the conditional mean E(Y |X). The theory of sufficient dimension reduction (Li [17] and Cook and Weisberg [10] ) provides a framework for reducing the dimension of X while preserving information on regression. Let S denote a subspace of R p , and let P S denote the orthogonal projection onto S with respect to the usual inner product. If Y and X are independent conditioned on P S X, then we say that S is a dimension reduction subspace. The intersection of all such subspaces, if itself satisfies the conditional independence, is defined to be the central subspace (Cook [6] and Yin, Li and Cook [38] ). When only the mean response E(Y |X) is of interest, sufficient dimension reduction can be defined in a similar fashion. Specifically, a subspace S is said variable selection for single-index models, and developed large sample properties. See, for instance, Liang et al. [20] , Peng and Huang [21] and Wang, Xu and Zhu [30] . However, condition (vi) in Liang et al. [20] may not hold true and their approach could not be extended to handle multiple-index models. The penalized MAVE method in Wang, Xu and Zhu [30] was motivated by the reasoning that predictor selection can be realized through selection of nonvanishing rows of a basis matrix of the central mean subspace. A bridge penalty function was employed to penalize the l 1 norms of the rows of a basis matrix. Although the penalized MAVE performs well for multiple-index models in the numerical studies, its theoretical properties are established only for the special case of single-index models. This is because, condition (C5) in Wang, Xu and Zhu [30] , which is also assumed in Peng and Huang [21] , is hard to check and possibly invalid except for single-index models. To the best of our knowledge, semi-parametric variable selection for multiple-index models has thus far not been well studied.
In many engineering and scientific situations, however, predictors are naturally grouped. For example, in biological applications assayed genes or proteins can be grouped by biological pathways. Although useful, existing dimension reduction methods are generic and treat all predictors in X indiscriminately. To take advantage of such group knowledge, Li, Li and Zhu [19] proposed a group-wise sufficient dimension reduction method, called group-wise MAVE, which preserves full regression information in the conditional mean of Y given X while exploiting the group structure among predictors. Generally, it is believed that incorporating group information into dimension reduction can facilitate interpretation of results and improve estimation accuracy as the number of unknown parameters has been greatly reduced.
As a simple illustration, we use an example to show the necessity of groupwise dimension reduction and variable selection. Consider a response model Y = β ⊤ 1 X 1 + sin(0.2πβ ⊤ 2 X 2 ) + 0.5ε, where X 1 ∈ R 10 , X 2 ∈ R 10 , β 1 = (1, −1, 0, . . ., 0) ⊤ , β 2 = (1, 1, 0, . . . , 0) ⊤ , and all predictors and ε are independent standard normal variables. Write X = (X MAVE treats all predictors in X indiscriminately. While the first direction estimate seems reasonable, the second one is very poor, and thus the overall estimation accuracy must 4 T. Wang, P. Xu and L. Zhu be poor. Given the prior information that X 1 and X 2 are two predictor groups, we apply group-wise MAVE, and the resulting estimates of β 1 and β 2 are respectively, given by A substantial gain in accuracy has been achieved by incorporating the predictor group information. Nevertheless, in each group all the predictors are included in the extracted linear combination, although some coefficients are small, obscuring the fact that only the first two predictors are contributing factors. It is obvious that group-wise MAVE cannot be the base for both dimension reduction and variable selection. Therefore, a selection operator also plays an important role, and we will see that a shrinkage penalty will be useful for us to use group-wise MAVE to exclude irrelevant predictors from the model.
Two main features of this paper are listed below.
1. We consider the problem of semi-parametric variable selection for multiple-index regression models. Although multiple-index models are popular in the statistics and econometrics literature, little work has been done on variable selection. We propose a shrinkage MAVE estimator by introducing a shrinkage factor for each row of an estimated basis matrix of the central mean subspace. For multiple-index models the proposed estimator is proved to be consistent in variable selection while retaining the root-n consistency. However, although the estimation problem can be reformulated as a LASSO problem in spirit, the LASSO problem under study has an asymptotically singular design matrix (Knight and Fu [16] ). This is because the MAVE procedure is a combination of nonparametric function estimation and direction estimation. This makes the theoretical investigation more complicated. To deal with this issue for single-index models, condition (C5) is assumed in Wang, Xu and Zhu [30] , otherwise, the large sample properties are difficult to derive. For multiple-index models, the standard approach of LASSO with nonsingular designs fails to show the large sample properties. Therefore, in this paper, the results of mixed-rates asymptotics (Radchenko [22] ) are adopted to derive the asymptotic behavior even the design matrix is asymptotically singular. This is a new skill about proving the asymptotics of the LASSO estimation for semi-parametric models. The interaction between the bandwidth and the penalty parameter now is explicitly shown in Theorem 2.1. 2. We propose a general knowledge-based method that accounts for prior group information. As we have explained before, the group structure leads to a reduction in the total number of parameters. Consequently, our method, which is motivated by and derives from dimension reduction, doubly alleviates the "curse of dimensionality". As a by product, such a structure also makes the computation more efficient.
The paper is organized as follows. In Section 2.1, we review the group-wise minimum average variance estimation. In Section 2.2, we combine group-wise MAVE with Estimation for multi-index models 5 the LASSO penalty, as an example, to propose a shrinkage group-wise MAVE estimator. This method does not require any restrictive design assumptions, and is capable of simultaneous dimension reduction and variable selection. The asymptotic properties of the new estimator are established in Section 2.3. We also use a criterion, which has the same form as the Bayesian information criterion (BIC; Schwarz [23] ), to select the optimal tuning parameter. Moreover, we establish the consistency of the resulting BIC-type selector. Numerical studies are presented in Section 3. As many shrinkage penalties can also be applied, we then include the simulation results with two other penalties as well. All technical proofs are relegated to the Appendix.
Methodology
We begin with some basic notations and terminology. For a positive integer m, I m stands for the m × m identity matrix. For an m 1 × m 2 matrix A, span(A) represents the column space of A and P A represents the orthogonal projection onto span(A). For a subspace S of R m , if A is a matrix of full column rank and span(A) = S, then we call A a basis matrix of S. Moreover, P S represents the projection onto S, that is, P S = P A , where A is any basis matrix of S. For an m-dimensional vector w = (w 1 , . . . , w m ) ⊤ , diag(w) denotes a diagonal matrix whose diagonal entries starting in the upper left corner are w 1 , . . . , w m . We use A 1 ⊕ · · · ⊕ A g , or simply g l=1 A l , to denote a block diagonal matrix with matrices A 1 , . . . , A g on the diagonal.
A short review
In this subsection, we review group-wise dimension reduction for the regression mean function and the group-wise minimum average variance estimation. We refer the reader to Li, Li and Zhu [19] for more details.
Let S 1 , . . . , S g be subspaces of R p that form an orthogonal decomposition of R p , that is, R p = S 1 ⊕ · · · ⊕ S g , where ⊕ denotes the direct sum operator. If there are subspaces T l ⊆ S l for l = 1, . . . , g such that E(Y |X) = E(Y |P T1 , . . . , P Tg ), then we say that T 1 ⊕ · · · ⊕ T g is a group-wise mean dimension reduction subspace with respect to {S 1 , . . . , S g }. Under very mild conditions (Yin, Li and Cook [38] ), the intersection of all group-wise mean dimension reduction subspaces, with respect to a given orthogonal decomposition {S 1 , . . . , S g }, exists uniquely. We call this subspace the group-wise central mean subspace and denote it as S E(Y |X) (S 1 , . . . , S g ). By definition,
for some subspaces T
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l . We are interested in estimating B * or its column space span(B * ). Li, Li and Zhu [19] proposed the group-wise MAVE estimator such that the matrix
l is the minimizer of 
Consequently, we can recover the group-wise central mean subspace by minimizing the objective function
To allow the estimation to be adaptive to the regression structure, we follow the idea of refined MAVE (Xia et al. [34] and Li, Li and Zhu [19] ) and adopt the weights
where K h (·) is a d-dimensional kernel with bandwidth h, and B is taken to be the current or latest estimate.
Estimation for multi-index models

7
The minimization problem in (2.1) can be solved by fixing (
. . , n, and fixing {B l } g l=1 alternatively. Thus, the calculation can be decomposed into two optimization problems both of which have simple analytic solutions. The details of the group-wise MAVE algorithm can be found in Section 3.2 of Li, Li and Zhu [19] . Let B = g l=1B l denote the group-wise minimum average variance estimator.
Shrinkage group-wise minimum average variance estimation
The group-wise MAVE method captures the full regression information in E(Y |X) while preserving the group structure in X. Specifically, it can provide a consistent estimator of
. . , g. However, the elements ofB l 's are usually nonzero. Consequently, the extracted predictor vectorB ⊤ . According to Proposition 1 of Cook [7] , V s is irrelevant if and only if the sth row of B * is a zero vector. Further, it is easy to see that for any d × d nonsingular matrix D, when a row of B * is zero, the corresponding row of B * D is also zero, and vice versa. These observations motivate us to employ the state-of-the-art methods for simultaneous shrinkage estimation and variable selection, such as LASSO, to design a sparse version of the group-wise MAVE procedure which shrinkages some rows ofB to be exactly zero vectors. Definew
In the sequel, we shall use an updated version of the group-wise minimum average variance estimator,B = g l=1B l , which is the minimizer of 
To solve the above optimization problem, we note that (2.4) can be re-expressed as
Equivalently, the shrinkage index vectors minimize
for some tuning parameter λ n ≥ 0. As a result, commonly-used LASSO algorithms, such as those of Efron et al. [11] and Friedman, Hastie and Tibshirani [13] , can be applied to obtain the shrinkage index vectorsα l for l = 1, . . . , g. When τ n ≥ p, the indicesα ls = 1 for all l = 1, . . . , g and s = 1, . . . , p l , and soB reduces to the usual group-wise MAVE estimatorB. As τ n gradually decreases, some of the indices are shrunk to zero, which means some rows ofB are zero; that is, the corresponding predictors are irrelevant to the response variable given the other predictors.
Asymptotic theory
We next study the large-sample properties of the proposed method. For an m 1 × m 2 matrix A, we say that A is row-sparse if some of its rows are zero. Let I(A) ⊆ {1, . . . , m} denote the subset of indices corresponding to nonzero rows of A. Clearly, the notion of row-sparseness is nonsingular-transformation independent, since for any
l is row-sparse. Without loss of generality, we assume that for l = 1, . . . , g the first q l rows of B * l are nonzero, that is, I(B * l ) = {1, . . . , q l }. The following theorem concerns the asymptotic behavior of shrinkage group-wise MAVE.
Theorem 2.1. Suppose that the regularity conditions (A1)-(A6) given in the Appendix hold. If λ n → ∞ and λ n n −1/2 h −2 → 0, then we have
. . , g} → 1, and
Theorem 2.1, part (1), demonstrates that the shrinkage group-wise MAVE method can efficiently remove unimportant predictors, while part (2) implies that the estimator that corresponds to relevant predictors is root-n consistent. As we can see, the result is very similar to that of adaptive LASSO for linear models (Zou [42] ). In fact, we shall show in the proof that shrinkage group-wise MAVE is closely related to an adaptive LASSO problem. A similar phenomena can be found in Bondell and Li [1] where they studied the shrinkage inverse regression estimation. However, unlike linear models, we need to study the interplay between the bandwidth h and the penalty parameter λ. This is explicitly shown in Theorem 2.1 in which we require that λ → ∞ and λn −1/2 h −2 → 0. We also note that, although it is possible to derive the asymptotic distribution, the form of the asymptotic variance is rather complicated and thus is not pursued here.
As a direct application we consider the special case when g = 1, that is, there is no group information available. It follows that the shrinkage MAVE estimator possesses exactly the same properties. 
The attractive properties of shrinkage group-wise MAVE depend critically on an appropriate choice of the tuning parameter, for which prediction based criteria such as generalized cross-validation have been commonly used in practice. However, it is well known that this practice tends to produce over-fitted models. For model selection consistency, it has been verified that tuning parameter selectors with the Bayesian information criterion are able to identify the true model consistently; see for example Wang, Li and Tsai [27] and Wang and Leng [26] . In the following, we propose a criterion which is similar in form to the classical Bayesian information criterion.
We use the notation M = {r 1 , r 2 , . . . , r p * } ⊆ {1, . . . , p} to denote an arbitrary candidate model which includes predictors {V s , s ∈ M}. Let k 1 = 0 and Let M λ = {s :α s = 0} be the model that is identified byα(λ) orB. Define
We select the optimal λ by minimizing 6) where df λ denotes the effective number of parameters in the shrinkage group-wise MAVE estimator. The resulting optimal regularization parameter is denoted byλ BIC . Following the discussion of Zou, Hastie and Tibshirani [43] about the degrees of freedom of the LASSO estimator, we approximate df λ by
where M l λ represents the index set of identified predictors in group l.
We now establish the asymptotic property of the BIC-type tuning parameter selector.
Theorem 2.2. Suppose that the regularity conditions (A1)-(A6) given in the Appendix hold. Then we have P (Mλ
Remarks.
1. Mixed-rates behavior naturally arises in the estimation of semi-parametric models. As shown in the proof of Theorem 2.1, the objective function (2.5) can be decomposed into two components with different convergent rates. As a result, the standard approach does not yield the complete limiting behavior of the estimator. Fortunately, we are able to derive the asymptotic behavior by directly applying results from mixed-rates asymptotics (Radchenko [22] ). 2. In practice, one may use a concave penalty other than the LASSO penalty. We have tried using the smoothly clipped absolute deviation penalty (Fan and Li [12] ) and the minimax concave penalty (Zhang [40] ), and have found that the resulting estimators enjoy the same properties. See Section 3 for a numerical comparison of these methods. Consider again the illustrative example in Section 1, the proposed sparse group-wise MAVE method, when the smoothly clipped absolute deviation penalty is used, yielded the direction estimates (0.702, −0.712, 0, . . ., 0) ⊤ and (0.722, 0.692, 0, 0.027, 0, . . ., 0) ⊤ .
As we can see, all except one of the coordinates corresponding to irrelevant predictors were correctly shrunk to zero. 3. The result here is applicable to a general class of semi-parametric models. In particular, it provides an alternative method for estimation and selection for partially linear single-index models in which two groups exist naturally (Xia and Härdle [33] ). Further, the new method can be adjusted to handle dimension reduction and variable selection with censored data (Xia, Zhang and Xu [35] ). 4. Although in this paper we focus on shrinkage estimation of the group-wise central mean subspace, the same strategy can be used to target the group-wise central subspace. To see this, we note that Wang and Xia [28] have modified MAVE to estimate the central subspace, and so group-wise MAVE can be modified in a similar way to estimate the group-wise central subspace; see Section 8 of Li, Li and Zhu [19] for more discussion. To conclude, we believe that these efforts would enhance the usefulness of the shrinkage MAVE method in data analysis.
3. Numerical studies
Simulation studies
In this subsection, we use simulations to evaluate the finite-sample performance of the shrinkage group-wise MAVE method. For comparison we consider the LASSO penalty, the smoothly clipped absolute deviation (SCAD) penalty and the minimax concave penalty (MCP) in the simulation. The resulting estimators, including group-wise MAVE, are denoted by SgMAVE-LASSO, SgMAVE-SCAD, SgMAVE-MCP and gMAVE, respectively. Throughout the following numerical studies we adopt the Gaussian kernel and use the optimal bandwidth h = {4/(d
. The R code that we used for group-wise MAVE is available at http://www4.stat.ncsu.edu/~li/software.html. SgMAVE-LASSO is computed using the least angle regression algorithm (Efron et al. [11] ), while SgMAVE-SCAD and SgMAVE-MCP are computed using the coordinate descent algorithms described by Breheny and Huang [2] . The entire R code can be requested from the authors.
To evaluate estimation accuracy, we compute the vector correlation coefficient (VCC), which is defined as (
1/2 , and the trace correlation coefficient (TCC), which is de- [36] for more information. We also employ three summary statistics to assess how well the methods select predictors: the average model size (MS), which is the average number of nonzero rows ofB l ; the true positive rate (TPR), which is the average fraction of nonzero rows ofB l associated with relevant predictors; and the false positive rate (FPR), which is the average fraction of nonzero rows ofB l associated with irrelevant predictors. Both TPR and FPR range between 0 and 1, and ideally, we wish to have TPR to be close to 1 and FPR to be close to 0 at the same time. We report the results using the BIC-type criterion (2.6) to select tuning parameters.
The predictor vector
) ⊤ is generated from N (0 p , Σ) in each example. We examine two commonly-used correlation structures among the predictors. The first is autoregressive, Σ st = 0.5 |s−t| for all s, t = 1, . . . , p. Consequently, the predictors with large distances in order are expected to be mutually independent approximately. The second is compound symmetry, Σ ss = 1 and Σ st = 0.5 for any s = t, so all the predictors are equally correlated with each other.
Example 3.1. In this experiment, we set
Thus, there are two groups, V 1 and V 2 , and each group consists of twenty predictors. Further, each predictor group is connected with the response variable through a single linear combination. Specifically, the response variable is generated from each of the following three models:
where
, and ε is independent of all predictors. We let n = 200. Table 1 presents the simulation results based on 200 data replications for these three models. As we can see, all methods considered show very good performance, but the shrinkage ones often achieve higher estimation accuracy than the one without shrinkage. Further, although none of the three shrinkage methods can universally dominate the other two competitors, SgMAVE-SCAD and SgMAVE-MCP tend to produce sparser solutions than SgMAVE-LASSO. Finally, the performance of the group-wise MAVE estimator and its shrinkage versions is only slightly affected by the correlation structure among the predictors.
Example 3.2. In this experiment, we set
Thus, there are two groups, V 1 and V 2 , and each group consists of twenty predictors. Further, the first predictor group is connected with the response variable through two linear combinations and the second predictor group is connected with the response variable through a single linear combination. The regression model is
, and ε is independent of all predictors. We consider two cases. In Case 1: we set q 1 = 2 and β 12 = (1, −1, 0, . . ., 0) ⊤ . In Case 2: we set q 1 = 4 and β 12 = (0, 0, 1, 1, 0, . . ., 0)
⊤ . We let n = 200. Table 2 summarizes the simulation results out of 200 data replications for Case 1 and Case 2. As in the previous example, we have the same observations. Unreported results also show that the BIC-type criterion has a pretty large rate of correctly identifying the true model in this example. Example 3.3. In this experiment, we set
Thus, there are three groups, V 1 , V 2 and V 3 , and each group consists of p 0 predictors. Further, each predictor group is connected with the response variable through a single linear combination. We consider the following two models: The simulation results for models (3.5) and (3.6), based on the 200 data replications, are shown in Tables 3 and 4 , respectively. In general, the results show that reasonably, increasing the sample size improves the performance, while increasing the dimension of predictors makes the performance worse. Moreover, the empirical performance of the shrinkage estimators relies on the initial estimator as expected. Thus, the development of a shrinkage estimation and variable selection method that depends less on the initial estimator can be practically useful, and we will work along this line in our future study.
As we mentioned before, the MAVE procedure is a combination of nonparametric function estimation and direction estimation; it is an iterative procedure with each cycle consisting of two least squares problems. As we know, inverse regression based methods, which are largely "parametric" in nature, are simple and easy to use. Thus, the proposed approach is computationally more demanding than inverse regression based methods, especially when the sample size and the predictor dimension are very high. Table 5 shows the average CPU times, based on 200 data replications, for the shrinkage group-wise MAVE method (along with penalty parameter selection) for model (3.6) in Example 3.3. All algorithms are implemented as R language functions, and all timings were carried out on a Dell Poweredge R410 dual processors server equipped with Six Core Xeon X5670 2.93 GHz CPU, 64 GB RAM running CentOS 5 Linux. We see that the times depend on both n and p. We also find similar results (unreported) for the other models considered in the simulation studies. Nevertheless, we emphasize that, as opposed to inverse regression based methods which require strong conditions on the distribution of predictors, direct regression based methods such as MAVE need relatively weak conditions such as the smoothness of the link function, and they often have much better performance for finite samples.
Pyrimidine data
A common step in drug design is the formation of a quantitative structure-activity relationship (QSAR; So [24] ). The QSAR analysis is to relate a numerical description of molecular structure to known biological activity. The pyrimidine data set, which is available in the UCI machine-learning repository at http://archive.ics.uci.edu/ml/ machine-learning-databases/qsar/, was studied by Hirst, King and Sternberg [15] to model the QSAR of the inhibition of dihydrofolate reductase (DHFR) by pyrimidines. It contains a structural information on 74 2,4-diamino-5-(substituted benzyl)pyrimidines used as inhibitors of DHFR in Escherichia coli. Each pyrimidine compound has 3 positions of substitution where chemical activity occurs, and at each position the substituent is assigned nine physicochemical attributes: polarity (PL), size (SZ), flexibility (FL), number of hydrogen-bond donors (HD), number of hydrogen-bond acceptors (HA), strength and presence of π-donors (πD), strength and presence of π-acceptors (πA), polarisability of the molecular orbitals (PO) and σ-effect (σE). The response variable is the experimentally assayed activity of the inhibitors. The attributes in this data set naturally fall into 3 groups corresponding to the substitution positions 1, 2 and 3. This is further confirmed by the graphical representation of the correlation matrix of the attributes in Figure 1 ; for example, the attributes belonging to the third substitution position have a moderately strong correlation, but are weakly associated with most of the other attributes. We write
⊤ for l = 1, 2 and 3, where the attributes are represented by their two-letter abbreviations with the subscripts denoting the position of substitution. All predictors are standardized to have mean zero and unit length (the predictor πA 3 has no variability and is then removed). Thus, in this data set, the sample size is n = 74, the predictor dimension is p = 26, and the group information is (g, p 1 , p 2 , p 3 ) = (3, 9, 9, 8). We regard this "prior" information on predictor group structure as a given fact.
Ordinary least squares (OLS), LASSO, SCAD, MCP, group-wise MAVE (gMAVE) and shrinkage group-wise MAVE (SgMAVE-LASSO, SgMAVE-SCAD and SgMAVE-MCP) are applied to this data set. Before applying the group-wise MAVE procedure, we need to determine (d 1 , d 2 , d 3 ) . The BIC-type criterion of Li, Li and Zhu [19] that is a modification of Wang and Yin [29] yields (d 1 , d 2 , d 3 ) = (1, 1, 1) , indicating that each predictor group is connected with the response variable through a single linear combination. The same criterion, when the group information is ignored (g = 1), also shows a three-dimensional structure in regression.
The corresponding coefficient estimates are shown in the second through ninth columns of Table 6 . Using the attribute representation (that is, representing molecules by a set of physicochemical attributes), these methods generate a variety of possible influences of structure on activity. As we can see, the substituent at position 1 should not be a hydrogen-bond acceptor (HA 1 ). We can also see that both the size and the flexibility of the substituent at positions 1 and 3, say SZ 1 , FL 1 , SZ 3 and FL 3 , are informative to the activity of the pyrimidines. Previous analysis of the crystal structure of the complex formed between trimethoprim and DHFR shows that the substituents at positions 1 and 3, are buried in a hydrophobic environment, and restrictions on size and flexibility are consistent with this (Hirst, King and Sternberg [15] ). The shrinkage group-wise MAVE methods also identify the σ-effect of the substituent at position 1 (σE 1 ) as an influencing factor, which is in accordance with previous studies using machine learning techniques. However, the ordinary variable selection methods fail to detect it. LetB 1 ∈ R 9 ,B 2 ∈ R 9 andB 3 ∈ R 8 denote direction estimates for the three predictor groups, respectively. We next consider the group-wise additive index model
where Z l =B ⊤ l V l , l = 1, 2 and 3, are the extracted linear predictors, and G l (·)'s are unknown univariate functions. We fit this model by applying the gam function in the publicly available R package mgcv. The adjusted percentages of total deviance explained, namely the adjusted R-squared values, for various methods are summarized in the last row of Table 6 . Unreported results show that the nonparametric smoothing of all the three predictors yields better performance than the additive model using smoothing of every single predictor, but the improvement is not statistically significant. As we can see, the proposed semi-parametric methods outperform the classical parametric ones as they can provide a mechanism for exploring nonlinear relationships between molecular structure and biological activity. Figure 2 provides the plots of estimated index functions, using for illustration the shrinkage group-wise MAVE method with the minimax concave penalty (SgMAVE-MCP). From Figures 2(a) and (b) , it can be seen that G 1 (·) has a linear trend, while G 2 (·) is clearly curved, indicating a nonlinear parabolic dependence of activity on the extracted linear combination of attributes at the second position of substitution. It can also be seen from Figure 2 (c) that G 3 (·) is very complicated, and nonparametric smoothing performs poorly in areas where observations are sparse.
Discussion
In this paper, we only provide the convergence rate of the shrinkage group-wise MAVE estimator. It is possible to derive the limiting distribution. However, the limiting distribution is too complicated to be applied for inference. Thus, for the time being, we are frustrated by the lack of a good approximation to the limiting distribution that can be used to set standard errors or to carry out tests on the parameter vector.
As remarked by Knight and Fu [16] , attaching standard errors to LASSO-type estimators is nontrivial. They then considered using the residual-based bootstrap method to estimate the sampling distribution of the LASSO estimator in a multiple linear regression. However, Chatterjee and Lahiri [3] showed that the conditional residual bootstrap distribution given the data converges to a random measure; that is, the residual bootstrap estimate of the LASSO distribution is inconsistent. In a subsequent paper, Chatterjee and Lahiri [4] proposed a modified bootstrap method, and showed that it provides a valid approximation to the distribution of the LASSO estimator.
But it is unclear yet whether or not the modified bootstrap method of Chatterjee and Lahiri [4] can be applied to our setting. The situation is complicated by the fact that in semi-parametric multiple-index models we need to take into account the interaction between nonparametric function estimation and shrinkage direction estimation. Work along this line is in progress. 
Note that conditions (A1)-(A4) are standard in the literature, see for instance Wang and Xia [28] , Xia [32] and Li, Li and Zhu [19] . As shown in Xia [32] , the ordinary MAVE estimator is root-n consistent under conditions similar to (A1)-(A5). Consequently, condition (A6) is very reasonable because we can viewB = g l=1B l as a special case of a generalB in Xia's proof. If higher order local polynomial smoothing is used, the root-n consistency can also be achieved for d > 3; see Remark 5.3 in Xia [32] . Nevertheless, in practice models with d > 3 are not attractive due to the "curse of dimensionality".
Before we begin the proof, we need to introduce some additional notation. are nonzero. For each l = 1, . . . , g, we define
where B * lt denotes the tth column of B * l andB lt denotes the tth column ofB l ,
Proof of Theorem 2.1. We shall concentrate on the optimization problem (2.5). The proof follows Theorem 1 of Bondell and Li [1] closely. First, we formulate an equivalent optimization problem that is easier to analyze theoretically. To see this, we note that
easy to see thatα ls = (B ls1 ) −1B ls1 for all l = 1, . . . , g and s = 1, . . . , p l . Further, vec(B l ) = H lBl1 . Below we shall describe the details of the proof by breaking it up into two steps.
Step I establishes the convergence rate ofB.
Step II shows thatB attains sparsity.
Step
Then, we have
If u ls = 0 and B * ls1 = 0, then
where sgn(·) is the sign function. By Slutsky's theorem,
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After some algebra one gets
By Lemma 4 in Wang and Xia [28] ,
where ∆ is a nonnegative definite matrix. Hence, we obtain
Next, we consider T 2 . Note thatṽ = v * + O P (n −1/2 ) and
Thus, we arrive at
. If u ls = 0 for some l ∈ {1, . . . , g} and s ∈ {q l + 1,
So we assume in the sequel that u ∈ U , where U = {u ∈ R p : u ls = 0 for all l = 1, . . . , g and s = q l + 1, . . . , p l }.
It follows that
Then, according to Lemma 4 of Wang and Xia [28] , the long version, there exists a (
and ∆ 22n → P ∆ 22 . Moreover, both ∆ 11 and ∆ 22 are positive definite.
Write CΠ = (D 1 , D 2 ) with D 1 being of order (
⊤ the minimizer of G n (z). It turns out that the conditions of Theorem 1 of Radchenko [22] are satisfied and, consequently, we havež 1 = O P (1) andž 2 = O P (1). Over U , because u = (H * ⊤ H * ) −1 H * ⊤ (D 1 , D 2 )z, we haveǔ = O P (1). We thus conclude that there exists a minimizer {B l1 , l = 1, . . . , g} of (A.1) such that B l1 − B * l1 2 = O P (n −1/2 ) for all l = 1, . . . , g. Therefore, B l − B * l 2 = O P (n −1/2 ) for all l = 1, . . . , g.
Step II. We show the variable selection consistency. Write A l = I(B * l ) and A nl = I(B l ). For any s ∈ g l=1 A l , that is, s ∈ A l for some l, the estimation consistency result indicates thatα ls → P 1. Thus, P (s ∈ g l=1 A nl ) → 1. It then suffices to show that for any s ′ / ∈ g l=1 A l , P (s ′ ∈ g l=1 A nl ) → 0. Consider the event {s ′ ∈ A nl }. By standard Karush-Kuhn-Tucker conditions for optimality, we know that
where e ls ′ ∈ R p l is the vector containing a 1 in the s ′ th position and zeros elsewhere. Note that Thus, we obtain
The proof is complete.
Proof of Theorem 2.2. According to whether the fitted model M λ is under-fitted, correctly fitted or over-fitted, we can divide R + = [0, ∞) into three disjoint parts:
and
Further, we assume a reference sequence of tuning parameters, {λ n } ∞ n=1 , which satisfies the conditions in Theorem 2.1. Clearly,B l1 = B * l1 + O P (n −1/2 ) and P (M λn = M T ) → 1. We write α = (α Following an argument similar to the one used in the proof of Lemma 1 of Xia et al. [34] , one can show that n −1 RSS MF → P σ 2 for some σ > 0. This, together with n −1 log(n) = o(h 2 ), yields that
BecauseB l1 = B * l1 + O P (n −1/2 ) andB l1 = B * l1 + O P (n −1/2 ), we obtain
Thus, we have Then, with probability tending to 1, we have inf λ∈Ω+ RSS λ − RSS λn + log(n) n > 0.
As a consequence,
Combining, the proof is complete.
